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1 Introduction

Till now we have been discussing various aspects of quantum computing. We would end

this series by a few few lectures on quantum cryptography, an area which holds maximum

promise for possible applications. We had earlier pointed out that even such distinguished

scientists as Einstein had reservations about the Copenhagen interpretation of quantum

mechanics. However, before we do that, one would like to ask how robust are the quan-

tum mechanical principle on which these are based. In 1935, Einstein, Podolsky and

Rosen published a paper which essentially asks the question : “can quantum mechanical

description of physical reality be considered to be complete?” This seminal paper goes by

the name EPR paradox in physics.

To get an idea about the objections posed by EPR, let us look at the phenomenon of

entanglement. In these lectures, we have given several examples of entanglement. Take

the most well known set of 4 states known as the Bell states. For definitiveness consider

the state
| 00〉+ | 11〉√

2
, which is maximally entangled, which implies that if we compute

the reduced density matrix of either of the constituent qubits, we would get a mixed state

ρA/B =
I

2
. What it means is that when we make a measurement of either the first or

the second qubit, we would get a maximally mixed state which does not give any idea

about how the original state was prepared because a measurement of the first qubit also

collapsed the second qubit as well (and vice versa). Herein lies Einstein’s objection. If

two objects are separated by a far enough distance such that no information about a

measurement of the first qubit can reach the location of the second qubit during the time

scale required for the measurement, it is inconceivable that the measurement of the first

qubit determines the state of the second qubit. This has been known as “spooky action at

a distance” correlation between state of two particles irrespective of how widely they are

separated. Einstein provided a gedanken experiment which points towards what Einstein

thought is an incomplete description of the system as per quantum mechanics. According
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to Einstein, a system must have an “element of physical reality”. In Einstein’s own words

“If, without in any way disturbing the system, we can predict with certainty (i.e. with

a probability of one), the value of a physical quantity, then there exists an element of

physical reality corresponding to this physical quantity”.

How does it differ from what we say in quantum mechanics? In quantum mechanics, the

value of a physical quantity has no meaning independent of its measurement (i.e. obser-

vation). Let us consider a particle of total spin angular momentum S = 0 decaying into

two particles of spin half each. The total angular momentum of the two particle system

should still be S = 0, i.e. the pair of particles will be in the state
1√
2

(| ↑↓〉− | ↓↑〉, i.e.

if the Sz value of particle 1 is ↑ (i.e. Sz = +~/2), that of the second particle is ↓, i.e.

it has Sz = −~/2 and vice versa. Let us now suppose after the decay the two particles

separate and get separated by a large distance so that any disturbance of one particle

cannot influence the state of the other particle. Suppose, Alice has the first particle and

Bob the second. Suppose Alice measures the spin state of her particle and finds it to be

in ↑ state, i,e. in the state Sz = +~/2. What quantum mechanics says is that, if now,

Bob measures the spin state of the particle that he has got, he is guaranteed to measure

it as −~/2. So we notice that Alice’s measurement is perfectly anti-correlated with that

of Bob.

If however, Alice and Bob measure their spin components in different directions, the re-

sult will not lead to a perfect anti-correlation. Suppose Alice, as before, measure the

z-component of her spin and got a result Sz = +1/2, i.e. σz = +1. Bob, instead of mea-

suring the spin of his particle in the z-direction, measures it along an arbitrary direction

having a unit vector n̂ = (sin θ cosϕ, sin θ sinϕ, cos θ). The result of his measurement

would depend on the angle that his axis of measurement makes with the z-axis. We had

seen earlier that while the states which are eigenstates of σz are

(
1

0

)
and

(
0

1

)
corre-

sponding to the eigenvalues ±1, the eigenstates of σn are

| n̂,+〉 = eiϕ/2
(

cos(θ/2)e−iϕ/2

sin(θ/2)eiϕ/2

)
corresponding to σn = +1 and

| n̂,−〉 = eiϕ/2
(

sin(θ/2)e−iϕ/2

− cos(θ/2)eiϕ/2

)
corresponding to σn = −1.

Let us look at the rival points of view. According to quantum mechanics, the particle

does not have properties independent of observation, one can only assign probabilities of

possible values that will be obtained on measuring a physical property. The measurement

process itself gives the result. The rival theory known as the “Hidden variable theory”

claims that though the process of measurement reveals the value of a physical property,

the result was already pre-ordained as it was coded into the system through some ‘hidden
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variable’ that is hidden from our eyes and from our understanding.

To resolve this dichotomy John Bell proposed another gedanken experiment (i.e. a thought

experiment). Consider any of the four Bell states, e.g. the state | ψ−〉 =
1√
2

(| 01〉− | 10〉).

For clarity, we denote particle 1 by A (for Alice’s particle) and particle 2 by B (for Bob).

Consider the i-th component of the total spin i.e. σA
i + σB

i . It is easily show that the

expectation value of this operator in the Bell state above is zero. For instance, consider

i = x, i.e. the operator σA
x + σB

x . We have

(σA
x + σB

x )(| 10〉− | 01〉) = [(| 00〉− | 11〉) + (| 11〉− | 00〉)] = 0

as σx operator flips the spin. This can be verified for any of the components.

This result shows that if Alice measures her spin along some direction a and Bob measures

it along some direction b. Because of the result that σA
i +σB

i = 0, if Bob reveals the result

of his measurement, Alice would know what result she would have got, had she made a

measurement along Bob’s direction, i.e. just the negative of what Bob got.

According to the standard (Copenhagen) interpretation of quantum mechanics, a par-

ticle does not have physical properties independent of observation; they arise as a result of

observation, quantum mechanics simply gives the probabilities of different possible results

for a given state of the system under observation. According to EPR, the explanation

of Bob’s result being dependent on Alice’s measurement which preceded it, arises out

of the fact that the result was pre-ordained because the property of the system, though

revealed during the process of measurement, was actually encoded within the system in

some hidden variables. This was because of EPR’s element of physical reality and locality,

which the quantum mechanics fails to incorporate thereby making it an incomplete the-

ory. The argument also assumes that the interaction between the measuring apparatus

and the system being measured is local whose effect is confined to the place where the

measurement is made and it does not have any influence on objects at a distant location.

In 1964 John Bell proposed derived an inequality (of which there are several versions

by various authors) which must be satisfied by measurement processes, if there existed

hidden variables in the system. Violation of these inequalities would then rule out the

existence of hidden variables and would provide credence to an alternate theory (in this

case quantum mechanics). Several attempts have been made, notably by David Bohm,

to construct such hidden variable theories but such theories turn out to be contrived. For

instance, in order to explain single electron diffraction in a typical double slit experiment,

it would be necessary to assume that though an electron can pass only through one of the

slits, one will have to assume a special force that acts on the electron only when the other

slit is open. The Copenhagen interpretation is of the view that indeterminacy observed

in nature is fundamental and does not in any way reflect our inadequacy of scientific

knowledge.

A way out of the apparent conflict is to assume that the second measurement by which

the first particle gets a definite position, somehow prevents the second particle from be-

ing in a state of definite momentum in spite of the fact that the two particles might be
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separated by large distance. The two particles continue to remain part of a single system,

i.e. the states of the two particles are entangled.

2 Bell states and Local measurement

John Bell proposed a test for verifying whether EPR’s idea of a hidden variable is indeed

correct. He did it by considering a set of entangled states known as the Bell states which

are given by

ϕ+
AB =

1√
2

(| 0A0B〉+ | 1A1B〉) (1a)

ϕ−
AB =

1√
2

(| 0A0B〉− | 1A1B〉) (1b)

ψ+
AB =

1√
2

(| 0A1B〉+ | 1A0B〉) (1c)

ψ−
AB =

1√
2

(| 0A1B〉− | 1A0B〉) (1d)

The label A (B) indicates that the particle (spin) belongs to Alice (Bob). It is conven-

tional to classify these states into a parity bit, i.e. are the two bits in the state parallel

or antiparallel (this distinguishes between ϕ states in which the two qubits in each con-

stituents are parallel with ψ in which they are antiparallel. On the other hand, we can

classify them as per the phase bit, which tells us whether the relative sign is positive or

negative.

These states are maximally entangled. Recall that an entangled state has a Schmidt

number greater than 1. Let | ψAB〉 ∈ HA ⊗ HB be a pure state.The state is said to

be entangled if one cannot find | φA〉 ∈ HA and | χB〉 ∈ HB such that one can express

| ψAB〉 =| φA〉⊗ | chiB〉. In such a case the Schmidt sium has at least two terms. If

dimHA ≤ dimHB, then a state is maximally entangled if ρA =
1

dimHA

. The Bell states

mentioned above have Schmidt rank of 2. It is easy to check that the reduced density

operator is I/2 which means that if we measure the state of the qubit A along any axis, we

would get spin up or spin down with equal probability which does not give any informa-

tion on how the state was prepared. However, once the state of the qubit A is measured

the result of the measurement of B is definite. The measurement gives no information

on how the state was prepared. This contrasts with the situation for one qubit, where

in view of (??) one can store a bit by preparing along an axis n̂ and recover how it

was prepared by measuring along that axis. In the maximally entangled case, however,

measurement of two qubits cannot reveal information about how it was prepared. (The

von-Neumann entropy of a maximally entangled state is maximum.) Bob and Alice can

do local manipulation of his or her qubit but by doing so they can only change from one
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maximally entangled state to another; they cannot change that reduced density matrix

of the system. For instance Alice can apply σz to her bit which results in converting a +

to a − while retaining ϕ or ψ as the case may be. On the other hand, she may apply σx
to her bit which would interchange ϕ with ψ (it also changes the phase bit if applied to

− states).

Suppose both Alice and Bob prepare their states as simultaneous eigenstates of σA
z σ

B
z and

σA
x σ

B
x . It is easy to check that these two operators commute:

[σA
z σ

B
z , σ

A
x σ

B
x ] = σA

z σ
A
x [σB

z , σ
B
x ]− [σA

z , σ
A
x ]σB

z σ
B
x

= 2iσA
z σ

A
x σ

B
y − 2iσA

y σ
B
z σ

B
x

= −2σA
y σ

B
y + 2σB

y σ
A
y = 0

As these operators commute, one can do a simultaneous measurement. However they

cannot do a local measurement. For instance, both Alice and Bob could measure their

spins along z-axis, thereby getting information about σA
z and σB

z . Since each of these

operators commute with σA
z σ

B
z , they can get information about σA

z σ
B
z . For instance, if

Alice got | 0〉 and Bob got | 1〉, the state must be one of the two states ψ±. Alternatively,

if both got | 0〉 or | 1〉, the state must have been one of the ϕ±. However, there is no way

they can get information about the phase bit, i.e., is it a + or a −? This is because σA
z

or σB
z does not commute with σA

x σ
B
A and hence, the phase bits being eigenstates of σA

x σ
B
z ,

cannot be determined from such local measurement. Similarly, local measurement by σA
x

and σB
x can give information about the phase bit but not about the parity bit. However,

if Alice and Bob work jointly, they can convert the Bell basis to a computational basis

and get appropriate information regarding the state they started from.

3 Bell’s Inequalities

Let us consider the correlation between the measurement made by Alice and Bob as per

predictions of quantum mechanics. Consider the state ψ− =
1√
2

(| 01〉− | 10〉). It can be

seen that this state gives zero when acted upon by σA
i + σB

i . For instance, if i = z or x,

(σA
z + σB

z )
(| 01〉− | 10〉)√

2
=

(| 01〉+ | 10〉)√
2

+
(− | 01〉− | 10〉)√

2
= 0

(σA
x + σB

x )
(| 01〉− | 10〉)√

2
=

(| 11〉+ | 00〉)√
2

+
(− | 00〉− | 11〉)√

2
= 0
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Consider Alice measuring along an axis n and Bob measuring about an axis m. It can be

seen that

〈ψ− | (σA · n̂)(σB · m̂) | ψ−〉 = −〈ψ− | (σA · n̂)(σA · m̂) | ψ−〉

= −〈ψ− |
∑
i,j

niσ
A
i mjn̂σ

A
j | ψ−〉

= −1

2

∑
i,j

nimjtr(σ
A
i σ

A
j )

= −
∑
i,j

nimjδi,j = −n̂ · m̂ = − cos θ (2)

In deriving the above, we have in the first line replaced σB by −σA as the state con-

cerned yields zero on being acted on by (σA + σB). In the third line, we have substituted

the expression for ψ− and as the operators have no reference to B, we have used the nor-

malization property. It may be observed that the measurement is always anti-correlated,

even when the axes chosen by Alice and Bob are different. The anti-correlation is perfect

if the axes are the same so that cos θ = −1.

Let us look at the expectation value of different results by Alice and Bob when they

choose different axes for measurement. It may be noted that the operator
1

2
(1 ± n̂ · σ)

projects spin up (or down) along the direction of eigenstates of σn, given by

| n,+〉 =

cos
θ

2
e−1ϕ/2

sin
θ

2
eiϕ/2

 (3)

and

| n,−〉 =

− sin
θ

2
e−iϕ/2

cos
θ

2
e−ϕ/2

 (4)

Using these one can show that P (n̂,±) =
1

2
(1± n̂ ·~σ) is the projection operator for | n,±〉

states. In particular

1

2
(1 + n̂ · ~σ) | σz = +1〉 = cos

θ

2
eiϕ/2 | n,+〉 (5a)

1

2
(1 + n̂ · ~σ) | σz = −1〉 = sin

θ

2
e−iϕ/2 | n,+〉 (5b)

1

2
(1− n̂ · ~σ) | σz = −1〉 = cos

θ

2
e−iϕ/2 | n,−〉 (5c)

1

2
(1− n̂ · ~σ) | σz = +1〉 = − sin

θ

2
eiϕ/2 | n,−〉 (5d)

Let us consider the expectation value of projection on to | n̂,±〉and | m̂,±〉 when acted

on the state | ψ−〉 above. Define PA(n̂,±) =
1

2
(1 ± n̂ · σ) and PB(m̂,±) =

1

2
(1 ± m̂ · σ)
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, where the directions n̂ and m̂ makes angles θ1 and θ2 respectively, with the z axis. We

have,

PA(n̂,+)PB(m̂,+) | ψ−〉 = PA(n̂,+)PB(m̂,+)

[
1√
2

(
| σA

z = +, σB
z = −〉− | σA

z = −, σB
z = +〉

)]
=

1√
2

[
cos

θ1
2
eiϕ/2 sin

θ2
2
e−iϕ/2 | n+,m+〉 − sin

θ1
2
e−iϕ/2 cos

θ2
2
eiϕ/2 | n+,m+〉

]
=

1√
2

sin

(
θ2 − θ1

2

)
| n+,m+〉 =

1√
2

sin

(
θ

2

)
| n+,m+〉

where θ = θ2 − θ1 is the angle between the axes n̂ and m̂.

In a similar way, one can show that

PA(n̂,+)PB(m̂,−) =
1√
2

cos

(
θ

2

)
| n+,m−〉

Since P 2 = P , one can get identical expressions by acting identical operator to the bras

to the left and get

〈ψ− | PA(n̂,+)PB(m̂,+) | ψ−〉 = 〈ψ− | PA(n̂,−)PB(m̂,−) | ψ−〉 =
1

2
sin2 θ

2
=

1

4
(1− cos θ)

(6a)

〈ψ− | PA(n̂,+)PB(m̂,−) | ψ−〉 = 〈ψ− | PA(n̂,−)PB(m̂,+) | ψ−〉 =
1

2
cos2

θ

2
=

1

4
(1 + cos θ)

(6b)

It can be checked that since 〈n̂ · σ〉 = 0, (??) gives (??). Till now our derivation has not

specified the directions n̂ and m̂. Let us close Alice’s direction n̂ to be one of the three

directions

n̂1 = ẑ

n̂2 =

√
3

2
x̂− 1

2
ẑ

n̂3 = −
√

3

2
x̂− 1

2
ẑ

Of course, once Alice makes her measurement along any of these directions, she would

have disturbed the state of the spin and will not be in a position to find out what would

have been the result if she had chosen a different axis. Suppose, however, Bob measures

along n̂1 and communicates his result to Alice, then Alice would know what would happen

if she measured along n̂1 as their measurements must be anti- correlated. So, instead,

Alice measures along n̂2 and gets a result. The probability that her measurements along

n̂1 and n̂2 give the same result (i.e. if she gets + along n1, she also gets + along n2 and

likewise if she gets − along n1 she also gets − along n2) is equal to the correlation between
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Alice and Bob getting same results when Alice measures along n̂2 and Bob along −n̂1.

and get the same results. The probability is (two results, ++ and −−)

Psame = 2× 1

4
(1− cos θ) =

1

2
(1− cos θ) (7)

In this case θ is the angle between n̂1 and −n̂2, which is cos θ = 1/2 (This is because

Bob makes the measurement along −n2 in order that his measurement corresponds to

the result Alice would have got had she measured along n2). We can choose any two

directions and obtain such results. Thus if Alice’s measurements are obtained for n̂2 and

n̂3 (i.e., Bob −n̂3), we have cos θ = 1/2 and for n̂2 and n̂3, cos θ = 1/2. In each case, the

probability that the the pair of measurement gave the same result is
1

4
, which is obtained

by putting cos θ =
1

2
in (??) above.Thus as per quantum mechanics, the probability of

getting the same result for three pairs of axes chosen as above is

P (n̂1, n̂2) + P (n̂2, n̂3) + P (n̂3, n̂1) = 3× 1

4
=

3

4
< 1

If, however, there were hidden variables in the problem, the probabilities arise from a

statistical distribution of the probabilities of different possible results. (Since Alice does

not measure her bit in the same direction as Bob does, the collapsing of the state as a

result of Bob’s measurement does not specify what result Alice would get as a result of

her measurement.)Remember that as there are only three experiments, at least in one of

the pairs the result has to be the same, so that the probability of at least one pair of

experiments is 1, thereby giving

P (n̂1, n̂2) + P (n̂2, n̂3) + P (n̂3, n̂1) > 1 (8)

(Since the measurement along each axis gives either a + or − and the result of the

measurement along any axis is not influenced by measurement along another axis, the

result is independent. Since there are only two possibilities, measurement along at least

one pair has to be the same)

Equation (??) is one of the inequalities which can provide a test for quantum mechan-

ics.

4 CHSH Inequality

Bell’s inequalities essentially provide a test for the validity of quantum mechanics agains

the counter claims of EPR regarding the existence of hidden variables. If quantum me-

chanics is correct, the Bell’s inequalities are violated. One of these is known as CHSH

(Clauser, Horne, Shimony and Holt) inequality.

Suppose Charlie prepares two particles in a singlet state ψ− as in the previous section.
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Alice controls the first qubit and Bob the second. Each of them can measure two proper-

ties of their particle, Alice measuring properties PQ and PR and Bob measuring properties

PS and PT . Result of each of these experiments can be either +1 or −1.

A common place classical similarity is that Alice and Bob have been given one each of a

pair of T-shirts. Alice can observe its color, which can be blue (+1) or red (−1) and its

size, which can be large (+1) or medium (−1). Bob can observe its price, which can be

high (+1) or average (−1) and the quality of its fabric, high (+1) or average (−1).

The result of measurement are denoted by Q,R, S, T . These are object properties which

can be revealed by actual observation. In order to decide, what property he will measure

Bob tosses a coin and measure the property which is decided by whether coin gives head or

tail, i.e. the choice of property is random. Alice measures the properties of her particle in

a random fashion as well but does it precisely at the same time as Bob does his measure-

ment so that the measurements are not causally related. Since each measurement returns

±1, after a series of measurements on a large number of replicas, a table of measurement

of each pair is prepared. Thus all those measurements where Bob measured PS and Alice

measured PQ are tabulated. Similar tables are made for other possible pairs and groups

of 4 pairs of measurements are made. Consider the expression

QS +RS +RT −QT = (Q+R)S + (R−Q)T

Note that in the above expression, one of the terms must be zero because either Q+R = 0

or R−Q = 0. When one of these vanishes, the other one has a value ±2. Thus we have,

QS +RS +RT −QT = ±2

Let us look at what would happen if there was an a-priory probability of the measurement

giving +1 or −1. This would happen if there were hidden variables in the system.Let

p(q, r, s, t) be the probability that before measurement the system is in the state Q =

q, R = r, S = s and T = t. We then have

〈QS +RS +RT −QT 〉 =
∑
q,r,s,t

(qs+ rs+ rt− qt)

≤
∑
p,q,r,s

×2 = 2 (9)

However,

〈QS +RS +RT −QT 〉 = 〈QS〉+ 〈RS〉+ 〈RT 〉 − 〈QT 〉

which gives CHSH inequality

〈QS〉+ 〈RS〉+ 〈RT 〉 − 〈QT 〉 ≤ 2 (10)

The above inequality has been obtained under the assumption of existence of hidden vari-

ables, i.e. under assumptions of local realism.
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We will now calvculate the left hand side of (??) under quantum mechanics. We have

two particles which are in a singlet state and Alice and Bob would make projective mea-

surements. Suppose the measurements are taken to be single qubit gates defined by

Q = Z =

(
1 0

0 −1

)
(11)

R = X =

(
0 1

1 0

)
(12)

S =
−Z −X√

2
Z =

1√
2

(
−1 −1

−1 1

)
(13)

T =
Z −X√

2
Z =

1√
2

(
1 −1

−1 −1

)
(14)

It is straightforward to get the following relations

Q | 0〉 =| 0〉
Q | 1〉 = − | 1〉
R | 0〉 =| 1〉
R | 1〉 = − | 0〉

S | 0〉 =
1√
2

(
−1 −1

−1 1

)(
1

0

)
=

1√
2

(
−1

−1

)
= −| 0〉+ | 1〉√

2

S | 1〉 =
− | 0〉+ | 1〉√

2

T | 0〉 =
1√
2

(
1 −1

−1 −1

)(
1

0

)
=

1√
2

(
1

−1

)
=
| 0〉− | 1〉√

2

T | 1〉 = −| 0〉+ | 1〉√
2

Using these, we can immediately calculate each term on the left of (??). We have

〈QS〉 =
1

2
[〈01 | QS | 01〉 − 〈01 | QS | 10〉 − 〈10 | QS | 01〉+ 〈10 | QS | 10〉]

= 9
1

2

[
1× 1√

2
− 0− 0 + (−1)× −1√

2

]
=

1√
2

〈RS〉 =
1√
2

〈RT 〉 =
1√
2

〈QT 〉 = − 1√
2

Substituting the above in (??), we get

〈QS〉+ 〈RS〉+ 〈RT 〉 − 〈QT 〉 = 2
√

2 (15)



c©D. K. Ghosh, IIT Bombay 11

which violates the Bell’s inequality (??). Experimental tests have been devised to verify

Bell’s inequalities and it has been found to be always violated, thereby providing support

for quantum mechanics over local hidden variable theory.


